Purpose 
The purpose of this workshop is to equip teachers with skills and knowledge that will enable them to improve the teaching and learning of the Euclidean Geometry in grade 10 to 12. This will be done through exposing teachers to various teaching strategies as well as discussions and deliberations on concepts and common misconceptions in the topic. Teachers will have hands on experience in tackling relevant tasks in this area of Mathematics.
Target 
This workshop targets teachers who are teaching or intend to teach grade 10 to 12 Mathematics. 
Duration 
This workshop will take 6 hours.
By the end of the workshop teachers should be able to:
· Turn some of their conjectures to theorems with triangle proofs and quadrilateral proofs, 
· Investigate and prove theorems of the geometry of circles assuming results from earlier grades, together with one of other result concerning tangent and radii of circles. 
· Solve circle geometry problems, providing reasons for statements when required.
· Prove riders.
Assessment
· At the beginning of the workshop teachers will be given a pre-test and at the end of the training a post-test will be given. The pre-test and post-test are similar in terms of content coverage, concepts and questioning techniques. The questions are of the same level of difficult. Questions tackled in both tests will cover the content covered in the workshop. 
· Performance in the pre-test is an indicator of how much participants know in that particular topic before training. The performance in the post-test indicates how much participants know in the topic after the training. It can then be determined from these results whether there was an improvement in performance or not. Any change in performance would be attributed to the training. 
Approach
· This is a hands-on workshop. There are few additional notes given just to develop concepts but the content knowledge will be developed through practical work and the facilitators two-way interaction 
Expected
· Heterogeneous group of four 
· Learning space 
Overview
· The focus of this workshop is on understanding and developing geometry as a mathematical system. We will start with a brief history of geometry as a deductive and then present properties of equality and arithmetic, as well as postulates.
· Discuss The van Hiele Levels.
· And investigate the properties of parallelograms, rhombuses, rectangles and squares.
· And discover the relationships between central angles and inscribed angles.
· The workshop will end with properties of similarity and theorems that follows from them. 

The van Hiele Levels

· Level 0: Visual. Students at the first van Hiele level identify and reason about shapes and other geometric configurations based on shapes as visual wholes rather than on geometry properties. For instance, they might identify a rectangle as a door shape. They would identify two shapes congruent because they look the same, not because of shared properties.
· Level 1: Descriptive/Analytic. At the second van Hiele level, students recognise and characterise shapes by their properties. For example, they can identify rectangle as a shape with opposite sides parallel and four right angles. At this level, students still do not see relationships between classes of shapes (e.g. all rectangles are parallelograms), they tend to name all properties they know to describe class, instead of set.
· Level 2: Abstract, Relational. At the third of van Hiele level, students are able to form abstract definitions and distinguish between necessary and sufficient sets of conditions for a class of shapes, recognising that some properties imply others. At this level, students also first establish a network of logical properties and begin to engage in deductive reasoning, though more for organising than for proving theorems.
· Level 3: Formal deduction and proof. Students who have reached the fourth van Hiele level are able to prove theorems formally within a deductive system. They are able to understand the roles of postulates, definitions, and proofs in geometry, and they can make conjectures and try to verify them deductively.  
· Level 4: Rigor. Mathematicians operate at this high level. It is generally not relevant to high school geometry.



Session 1 - Grade 10 Euclidean Geometry 
 Introduction (30 Minutes)
In this session you will write your own geometry definition.
Good definitions are very good in Geometry.
Activity 1
Which creatures in the last group are Widgets (widget is a pseudo name, it means nothing) ?

	

	

	

	

	

	

	

	

	

	



This statement defines a protractor: “A protractor is a geometry tool used to measure angles. “First, you classify what it is (a geometry tool), then you say how it differs from other geometry tools (it is the one you use to measure angles).




Example 
What should go in the blanks to define a square.
           A square is a                            that 
   
                        

Once you’ve written a definition, you should test it. To do this you look at counterexample. That is, try to create a figure that fits your definition but isn’t what you are trying to define. If you can come up with a counterexample for your definition, you don’t have a good definition
      
Classify it. What is it?     
How does it differ from others? 


Exercise 1
1.   
a) Draw a rough sketch of a parallelogram and show its properties by using suitable markers.



b) Draw a second sketch to show the properties of its diagonals.




2. Use the properties indicated in question 1 to write down at least four good definition of a parallelogram. Each definition must not have counterexample. Write each in the form: ‘A parallelogram is a quadrilateral with…’ and illustrate each with a rough sketch, using makers.





 Class discussion
	
	Parallelogram
	Definition 

	1
	

	

	2
	x
x
y
y


	

	3
	
	

	4
	

	



Five ways of proving that a quadrilateral is a parallelogram.

Prove that: 
	

	

	

	

	

	

	

	



Theorems and converses (1 hour)
· Theorem 1: The opposite sides and angles of a parallelogram are equal.
· Converse of theorem 1: 
a) If the opposite sides of a quadrilateral are equal, then the quadrilateral is a parallelogram.
b) If the opposite angles of a quadrilateral are equal, then the quadrilateral is a parallelogram
· Theorem 2: The diagonals of a parallelogram bisect each other.
· Converse of theorem 2: If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram.
· Theorem 3: If one of opposite sides of a quadrilateral are equal and parallel, then the quadrilateral is a parallelogram. 
Example 1
Prove the theorem that if in a quadrilateral KLMN, KL//NM and   KL = NM, then KLMN is a parallelogram.
K
L
M
N







	
	

	
	

	
	

	
	

	
	

	
	

	
	



Example 2
a) By only taking markings into consideration, which of the following quadrilaterals are definitely parallelograms?

x
x
A
B
C
D


b) Could a square also be seen as a parallelogram? Give a reason for your answer.

Exercise 2
1.  Calculate the value of x in each of the following sketches:65o
x + 70o
x + 30o
A
B
C
D
E

a)




b) 50o
x
30o
A
B
C
D
E






D
A

c)  2x + 30o 
x
C
D


O





2.  Quadrilateral PQRS has PQ = RS and PQ // RS. Prove that PS // QR.
3.  ABCD is a rhombus Prove that AP bisect angle DAC
 3x
x
P
D
C
B
A







4.   O
F
E
D
C
B
A









Prove that:
a) AE = EC
b) EF // AB
c) BDEF is a parallelogram
d) Quad ADOE = quad BDOF
5.   B

	



P
S
A





Q
R



	∆PAQ and ∆BPS are equilateral triangles.


a) Prove that      AQR =    RSB
b) 
Prove that ∆AQR  ∆RSB
c) If the perimeter of PQRS is 16 cm and PS = 5cm, find the perimeter of ∆AQP.



Midpoint Theorem (30 minutes)
Exercise 3

	P

1. 
F

D



E
R
Q


	
Prove that PDEF is a parallelogram.

	D

2.  A


F





E
B
C


	
Prove that AB = DC

















	3. 

A
D



O




S
C
B


	CO = 4cm, AB = 6cm, AD = 10 cm.

Calculate:

a) AC 
b) CS
c) OS
d) Area of //m ABCD




SESSION 2 – Grade 11 EUCLIDEAN GEOMETRY
Theorems (2 hours)
In this session we will, 
(a) Revise earlier (Grade 9) work on the necessary and sufficient conditions for angles between parallel lines
(b) Solve circle geometry problems, providing reasons for statements when required.
(c) Prove riders.

Parallel line Theorem
A
B
C
D

l1
[bookmark: _GoBack]
l2

	

	

	

	

	

	

	



Circle Theorems
The radii of a circle are equal

OM = ON [Radii]
M
N
O

	



Learn this Theorem and the converse

The line segment joining the centre of a circle to a chord is perpendicular to the chord. 
[Theorem: Mid – point chord]
[Converse: Perp. From centre to chord] 

A
B
O
M
B
A
O
M







         AM = MB                    OM  AB




Learn this Theorem
The angle at the centre of the circle is twice the angle at circumference subtended by the same chord/ arc.



A
B
C
O





   [Centre  = 2 × circum. ]

Angle in a semi-circleN
M
A
O


						A = 90o

                          
Angles in the same segment (i.e. subtended by the same arc/ chord) of a circle are equal.N
M
A
B




                                        

                                        

Note: Angles in equal segments of a circle or of equal circles are also equal.
Subtended can be taken to mean created.
Cyclic Quadrilateral Theorems
Learn this theorem and converse
The opposite angles of a cyclic quadrilateral are supplementary.

[Theorem: Opp. ’s of a cyclic quad.]

[Converse: Opp. ’s supplementary]
A
B
C
D



                                          

An exterior angle of a cyclic quadrilateral is equal to the interior opposite angle.A
B
D
E
1
C
B
A
D




C

                                   




[ext. = opp int.  of cycl. Quad]
Note:  You can prove a quadrilateral is cyclic by using the converse of the angle in the same segment theorem.
A
B
D
C
C
D
A
B
1
1





	ABCD is cyclic                  

Tangent Theorems
A tangent to a circle is perpendicular to the radius at the point of contact.
O
BA
M
A



				         OM  AB  [tan radius]
	


Learn this Theorem & Converse
The angle between a tangent to a circle and a chord drawn from the point of contact is equal to an angle in the alternate segment. 

[Theorem: Tan-chord theorem]


[Converse: between line & chord =  in alt. segment]
B
A
M
1
B
A
1
M



tangent
Hint: First find the chord before using the Tan-chord theorem.

Two tangents to a circle drawn from the same point outside the circle are equal in length.
N
MM
A




                  
            AM = AN


Examples and exercises
Example 1: In the figure, ABCD is a cyclic quadrilateral with AD = AC. The tangents at A and C to the circle ABCD meet DB produced at T. FBC, ABE and AHC are straight lines.
Prove the following: [image: ]
1.1 B1 = B2
	

	

	

	

	

	

	

	



1.2 BECH is a cyclic quad.
	

	

	

	


1.3 CA is a tangent to the circle passing through the points A, B and T.
	

	

	

	

	

	

	







Activity


You are asked to solve the geometry rider above, but the diagram is incomplete.  No angle numbers have been written in.  All you found was a list of TRUE statements about the diagram on a piece of paper as shown below. 
[image: ]
The above statements have been typed neatly into the table on the next 
page for you to study.

(a)	Given that all the statements are TRUE, enter the correct angle numbers very clearly on the diagram so that the statements make sense.				
(b)	Fill in the correct reason for each statement in the table below:
	
	Statement
	Reason

	
(1)
	


	

	
(2)
	


	

	
(3)
	


	

	
(4)
	


	

	
(5)
	


	

	
(6)
	


	

	
(7)
	


	

	
(8)
	


	

	
(9)
	


	

	
(10)
	


	


													





Exercise 

1. In the accompanying figure, BD is a diameter of the circle with AB and AC tangents to the    circle. AE// CD with E on BD such that AE and BC intersect at F and CE is drawn.
[image: ]
Prove, giving reasons that:

1.1 EBAC is a cyclic quad.
1.2 AE bisects BEC
1.3 E is the centre of the circle
1.4 EB is a tangent to the circle AFB


2. 

In the accompanying diagram ; EA // DB and .

	2.1 Write down, giving reasons, 3 other     angles each equal to x.		(6)
2.2 
Express  in terms of x.		(4)


	[image: ]







3. In the figure, AB is the diameter of a semicircle with centre O. P is a point on AB produced.
	PCS is a tangent touching the circle at C, and SO is perpendicular to AB. SO and AC 	 at T, BC and OC are drawn.
[image: ]
3.1 If C1 = x, give with reasons, TWO other angles each of which is equal to x.
3.2 

Prove that = 
3.3 Give with reasons, the magnitude of the following angles in terms of x:
a) 

b) 

c) 


4. In the figure, two circles touch internally at P with PQ as a common tangent. Straight line QABC touches the smaller circle at B. PDC and PBE are straight lines.

	
Prove that,

4.1  DB//CE

4.2  







	[image: ]



5. 
 In the figure TD is a tangent to circle ABCD. AD//BC. AB and DC produced meet at W. TBS is a straight line. If ,
	Prove that:

5.1 BWTD is a cyclic quad.
5.2 TBS is a tangent to circle   ABCD.
5.3 TW//BC.










	[image: ]



6. Prove the theorem which states that the acute angle formed between a tangent and a chord drawn from the point of contact is equal to the angle subtended by that chord in the alternate segment.

7. PK and PM ate tangents to the circle. PQS is a secant. KL//PS and LM cuts PS at R. KM and KR are drawn.
	Prove that:

7.1 PKRM is a cyclic quadrilateral
7.2 KR = LR

	[image: ]




Session 3 – Grade 12 (2 hours)

By the end of this session you should be able to,
· Do calculations and solve riders using triangle theorems.
· Do integrated geometry questions.

Triangle Theorems
Isosceles Triangle

[image: ]

Area of a Triangle = ½ × base × height

Height


Base


Pythagoras Theorem
[image: ]
Learn this Theorem & converse
A line parallel to one side of a triangle divides the two sides proportionally.
[Theorem: line//one side of a ∆]
[Converse: line divides 2 sides of a ∆ prop.]
[image: ]

Also  

Learn this Theorem and Converse
If two triangles are equiangular then the corresponding sides are proportional.
[image: ]


Example 3
In the figure, AE is a tangent at E o the circle with centre O.  AO is perpendicular to BOD. AO produced meets the circle at C. Chords ED, GE, EC are drawn. BE and AO intersect at F.
[image: ]
3.1 Prove that AE2 = AG·AC.

	

	

	

	

	


3.2 Prove that AE = AF

	

	

	

	

	

	



Exercise 3
1. In the figure, AB is a tangent to the circle, and ADC is a secant. CF is produced to G so that AG//EF.


	1.1 By proving two triangles similar, show that            AB2 = AC.AD

1.2 Prove ∆AGC///∆ADG

1.3 Prove AB = AG

1.4 If it further given that CE is a diameter of the circle and DE = EG, join CE and prove that      CD2 = CF2 – GF2.

	[image: ]


2. ED is a tangent to circle F. ACD is a segment with A & C on the circumference of the circle. FB is drawn to the mid-point, B, of AC. FD, BE and EC are drawn.

	2.1  EFBD is a cyclic quadrilateral.
2.2  ∆BCE///∆FED

2.3  

2.4  

	[image: ]


3. In the accompanying figure, KLMN is trapezium with KL // NM and KL = LM. The diagonals of KLMN intersect at P.  x


	a) 
If  , name giving reasons, two other angles each of which is equal to x.  				       
b) Prove that ∆KPL /// ∆MPN.	       
c) 
If  and MN = 12 units, calculate the length of LM.	       

	[image: ]



4. 
4.1 Give two conditions for two triangles to be similar.
4.2 
In the diagram, ABCD is a square with sides equal to y units. DE  EF with E and F on AB and BC respectively. AE = x units. 

	4.1.1 ∆DAE///∆EBF.
4.1.2 
Area ∆EBF = .	

	[image: ]




5. In the accompanying figure, AB is the diameter of circle ADCB. Chords AC and BD intersect at E. EP is perpendicular to AB.
[image: ]
5.1 Prove that ΔBPE ||| ΔBDA. 
5.2 
Hence show that, 
5.3 
Prove that 
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Gn()d definitions are very important in geometry. In this lesson you will write

your own geometry definitions.
A ?/ B
C
gg; \

Who are Widgets? A

Which creatures in the last group are Widgets?

 word " Hu
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s0 many Widgets Not Widgets

You might have asked yourself, “What things do all the Widgets have in common,
and what things do Widgets have that others do not have?” In other words,

what characteristics make a Widget a Widget? They all have colorful bodies with
nothing else inside; two tails—one like a crescent moon, the other like an eyeball,

By observing what a Widget is and what a Widget isn’t, you
identified the characteristics that distinguish a Widget from
a non-Widget. Based on these characteristics, you should
have selected A as the only Widget in the last group. This
same process can help you write good definitions of
geometric figures.

This statement defines a protractor: “A protractor is a
geometry tool used to measure angles.” First, you classify what
it is (a geometry tool), then you say how it differs from other
geometry tools (it is the one you use to measure angles).
What should go in the blanks to define a square?

Asquareisa.  that
f

]

How does it differ from others?

Once you've written a definition, you should test it. To do this, you look for a
counterexample. That is, try to create a figure that fits your definition but isn’t
what you're trying to define. If you can come up with a counterexample for your
definition, you don't have a good definition.

XAMPLE A Everyone knows, “A square is a figure with four equal sides” What's wrong with
this definition?

a. Sketch a counterexample. (You can probably find more than one!)

b. Write a better definition for a square.

ANDAEDS LESSON OBJECTIVES

* Practice writing definitions
= Define spedial angle relationships

LESSON OUTLINE

One day:
20 min  Investigation

5min  Sharing
5min  (Closing

15 min  Exercises

MATERIALS

* rulers

* protractors

Have individuals or groups think
about the question of which
figures are widgets and share
their ideas about a definition of

widget. If someone points out a
nonwidget that satisfies a
proposed definition, introduce
the word counterexample.

[ESL] Tt will help students to
pronounce out loud the new
terms and any words in the
book that may be new to
them, such as counterexample.
[Language] Widget is used here
as a nonsense word. The
dictionary defines widget as “a
small mechanical device whose
name is not known.”

You might begin the one-step
investigation on page 48 or for
more structure talk through the
introductory material and
examples and then engage
students in the investigation.

» EXAMPLE A

This example helps students
grasp the idea of a counter-
example. Challenge students to
er the question before

= page.

answ
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You might have asked yourself, “What things do all the Widgets have in common,
and what things do Widgets have that others do not have?” In other words,

what characteristics make a Widget a Widget? They all have colorful bodies with
nothing else inside; two tails—one like a crescent moon, the other like an eyeball,

By observing what a Widget is and what a Widget isn’t, you
identified the characteristics that distinguish a Widget from
a non-Widget. Based on these characteristics, you should
have selected A as the only Widget in the last group. This
same process can help you write good definitions of
geometric figures.

This statement defines a protractor: “A protractor is a
geometry tool used to measure angles.” First, you classify what
it is (a geometry tool), then you say how it differs from other
geometry tools (it is the one you use to measure angles).
What should go in the blanks to define a square?

Asquareisa.  that
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]

How does it differ from others?

Once you've written a definition, you should test it. To do this, you look for a
counterexample. That is, try to create a figure that fits your definition but isn’t
what you're trying to define. If you can come up with a counterexample for your
definition, you don't have a good definition.

XAMPLE A Everyone knows, “A square is a figure with four equal sides” What's wrong with
this definition?

a. Sketch a counterexample. (You can probably find more than one!)

b. Write a better definition for a square.

ANDAEDS LESSON OBJECTIVES

* Practice writing definitions
= Define spedial angle relationships

LESSON OUTLINE

One day:
20 min  Investigation

5min  Sharing
5min  (Closing

15 min  Exercises
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* rulers

* protractors

Have individuals or groups think
about the question of which
figures are widgets and share
their ideas about a definition of

widget. If someone points out a
nonwidget that satisfies a
proposed definition, introduce
the word counterexample.

[ESL] Tt will help students to
pronounce out loud the new
terms and any words in the
book that may be new to
them, such as counterexample.
[Language] Widget is used here
as a nonsense word. The
dictionary defines widget as “a
small mechanical device whose
name is not known.”

You might begin the one-step
investigation on page 48 or for
more structure talk through the
introductory material and
examples and then engage
students in the investigation.

» EXAMPLE A

This example helps students
grasp the idea of a counter-
example. Challenge students to
er the question before
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